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Abstract 

For a large class of self-similar sets F in R d , analogues of the higher order mean curvatures 
of differentiable submanifolds are introduced, in particular, the fractal Gauss-type curvature. 
They are shown to be the densities of associated fractal curvature measures, which are all 
multiples of the corresponding Hausdorff measures on F, due to its self-similarity. This local 
approach based on ergodic theory for an associated dynamical system enables us to extend 
former global curvature results. 



Introduction 

In recent years first attempts to investigate a second order fractal 'differential' geometry have 
been made by Winter and the second author, sec [15], [19], [17], [16]. The main idea was to 
approximate fractal sets in R d by small neighborhoods and to use known results from singular 
curvature theory in convex geometry and, more generally, geometric measure theory for these 
neighborhoods provided they have the desired structure. It turned out that this is the case 
for many self-similar sets satisfying the open set condition. In order to obtain limit results for 
the appropriately rescaled global curvatures the renewal theorem from probability theory and 
asymptotic analysis has been used. (For the special case of the Minkowski content in R 1 this goes 
back to Lapidus & Pomerance [8] and Falconer [2] and in R d to Gatzouras [5].) Moreover, weak 
limits of the corresponding curvature measures have been obtained as a consequence taking into 
regard the self-similarity property and Prohorov's theorem on weak compactness of tight families 
of measures. 

In the present paper we suggest another approach. We start with a result concerning the existence 
of local fractal curvatures at almost all points of the self-similar set F (Section 2). (The differential 
geometric analogue are the symmetric functions of principal curvatures of smooth submanifolds.) 
For this we mainly use the scaling properties of the curvature measures and Birkhoff's ergodic 
theorem for an associated dynamical system. The positive reach assumption on the closure of the 
complement of the parallel sets of F for almost all distances is the same as in the former papers, 
but the integrability condition is essentially weakened. However, here we get only convergence 
results in the sense of average limits. 

By the choice of an appropriate net of locally homogeneous neighborhoods Ap(x, e), x £ F, e < 6q, 
for the construction of these local curvatures, we can easily derive the existence of related global 
fractal curvatures which simplifies the proofs and extends the corresponding results from [15], 
[19] and [17]. The weak convergence of the associated curvature measures then follows as in [15] 
and [17]. Moreover, the local curvatures can now be interpreted as densities of the fractal limit 
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measures with respect to D-dimensional Hausdorff measure on F, where D equals the Hausdorff 
dimension. (See Section 3.) 

Finally, in Section 4 we study the examples of the Cantor dust in the plane and the Menger sponge 
in space which demonstrate some typical phenomena. They do not satisfy the assumptions from 
the former papers: in particular, the Euler number of the parallel sets F(e) of F with distance 
e is unbounded at neighborhoods of certain critical values of e. Nevertheless, they fit into the 
approach of the present paper. (See also [16] for further conditions and examples.) 

1 Basic notions 
1.1 Self-similar sets 

The notion of self-similar sets is well-known from the literature (see Hutchinson [6] for the first 
general approach and the relationships mentioned below without a reference). We use here the 
following notations and results. 

The basic space is a compact set J C K d with J = int J. Si, ... , Sn denotes the generating set of 
contracting similarities in R d with contraction ratios n, . . . ,rjy. We assume the strong open set 
condition (briefly (SOSC)) with respect to int J, i.e., 

N 

\J Sj(J) C J , S^int J) n S(int J) = , j ^ I, 
1=1 

and that there exists a sequence of indices l\, fo, ■ ■ ■ , l m € {1, . . . , N} such that 

S ;i oS /2 ...oS Jm (J)nintJ^0. 
The latter (strong) condition is here equivalent to 

F n int J ^ 

where F denotes the associated self-similar fractal set F. (According to a result of Schief [14] 
(SOSC) for some J is already implied by the open set condition on the similarities. In view of 
this paper a characterization of (SOSC) in algebraic terms of the Si is given in Bandt and Graf 
[1].) The set F may be constructed by means of the code space W :— {1, . . . , N} N , the set of 
all infinite words over the alphabet {1, . . . , N}. We write W n := {1, . . . , N} n for the set of all 
words of length |tu| = n, W* := U^Li W n for the set of all finite words, w\n :— w\W2 ■■ - w n if 
w = w\W2 ■ ■ ■ w n ,w n+ i ... for the restriction of a (finite or infinite) word to the first n components, 
and vw for the concatenation of a finite word v and a word w. If w = Wi . . . w n € W n we also 
use the abbreviations S w := S Wl o . . . o S Wn and r w := r Wl . . . r Wn for the contraction ratio of this 
mapping. Finally we denote K w := S W (K) for any compact set K and w <G W* . (For completeness 
we also write K$ := K.) In these terms the set F is determined by 

oo 

F=f] (J J w 

n=l wGW n 

and characterized by the self-similarity property F = S\(F) U . . . U Sn{F). Iterated applications 
yield 

F= (J F w , neN. 

wew n 

As in the literature, we will use the abbreviation 

N 

S(K) :=\JSj(K) 
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for compact sets K, i.e., F — S n (F), n G N. 

Alternatively, the self-similar fractal F is the image of the code space W under the projection tt 
given by 

n(w) := lim S w , n x 

n— >oo 

for an arbitrary starting point x . The mapping w i-> x = tt(w) is biunique except for a set of 
points x of D-dimensional Hausdorff measure % D zero, and the Hausdorff dimension D of F is 
determined by 

AT 

Up to exceptional points we identify x £ F with its coding sequence and write Xix 2 ■ ■ ■ for this 
infinite word, i.e. 7r(xix 2 . . .) = x, and write 

X I . — X~y . . . X 

for the corresponding finite words. 

If 1/ denotes the infinite product measure on W determined by the probability measure on the al- 
phabet {1, . . . , N} with single probabilities rf, . . . , r®, then the normalized D-dimensional Haus- 
dorff measure with support F equals 

/i := % D {F)^ 1 'H D {F n (•)) ~ v o 7r _1 . (2) 

It is also called the natural self-similar measure on F, since we have 

H = f^rfnoSj\ (3) 

Furthermore, by the open set condition F is a D-set, i.e., there exist positive constants cp and 
C_f such that 

c F r D < n D (F n B(x, r))<C F r D , x <E F, r < diamF . (4) 
From (SOSC) on J one obtains 

/ '|ln%,J c )| M (d 2/ )<oo (5) 



(see Graf [7, proof of Proposition 3.4]). This implies, in particular, that 

fjt(dJ) = (6) 

which can also be seen by other methods. 



1.2 Curvature measures of parallel sets 

We will use the following notations for points x and subsets E of R d : 

d(x, E) :— inf |ar — j/j , \E\ :— diami? = sup \x — y\ . 

V^ E x,y£E 

The background from classical singular curvature theory is summarized in [19]. We recall some of 
those facts. For certain classes of compact sets K C K d (including many classical geometric sets) 
it turns out that for Lebesgue-almost all distances r > the parallel set 

K(r) := {xeR d : d(x, K) < r} (7) 

possesses the property that the closure of its complement 

KJf) := ~K(rf (8) 
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is a set of positive reach in the sense of Federer [3] with Lipschitz boundary. A sufficient condition 
is that r is a regular value of the Euclidean distance function to K (see Fu [4, Theorem 4.1] 
together with [12, Proposition 3]). (Recall that in R 2 and M 3 this is fulfilled for all K (see [4]). In 

this case both the sets K (r) and K(r) are Lipschitz d-manifolds of bounded curvature in the sense 
of [13], i.e., their k-th Lipschitz-Killing curvature measures, k — 0,1,..., d — 1, are determined 
in this general context and agree with the classical versions in the special cases. Moreover, they 
satisfy 

C k (K(r), •) = (-l^-^CkiKf), •) . (9) 

Hence, the C k {K{r), •) are signed measures with finite variation measures C™ r (K (r) , •) and the 
explicit integral representations are reduced to [18] (cf. [13, Theorem 3] for the general case). In 
the present paper only the following main properties of the curvature measures for such parallel 
sets will be used: 

Cd-i(K(r),-) agrees with one half of the (d — 1)- dimensional Hausdorff measure 1~L d ~ 1 on the 
boundary dK(r). Note that dK{r) is (d— l)-rectifiable for any compact set K and any r > (see 
[11, Proposition 2.3]), hence, we can always use the notation 

CWif(e),-) :=lu d -\K(e)n(-)). 

Furthermore, for completeness we define Cd(K(r),-) as Lebesgue measure restricted to K(r). The 
total measures (curvatures) of K(r) are denoted by 

C k (K(r)) :=C k (K(r),R d ), k = 0,...,d. (10) 

By an associated Gauss-Bonnet theorem (see [12, Theorems 2,3]) the total Gauss curvature 
Co(K(r)) coincides with the Euler-Poincare characteristic \(K(r)). 
The curvature measures are motion invariant, i.e., 

Ck(g(K(r)), g(-j) = C k (K(r),-) for any Euclidean motion g , (11) 

they are homogeneous of degree k, i.e., 

C k (XK(r),X(-)) = X k C k (K(r),-), A > , (12) 

and locally determined, i.e., 

C k (K(r), (•) nG) = C k (K'(r'), (•) n G) (13) 

for any open set G C R d such that K{r)C\G = K'{r')C\G, where K(r) and K'{r') are both parallel 
sets where the closures of the complements have positive reach. 

We shall need the following property of the surface area of parallel sets: 

H^HKir)) < -n d (K(r)), r > 0, (14) 
r 

which follows from the "Kneser property" of the volume function, ^% d {K(r)) < ^ : 'H d {K{r)), 
see e.g. [10], Lemma 4.6 and its proof, and from the fact that ^H d {K(r)) = H d ~ 1 {K(r)) up to 
countably many r > 0, see [11] for more details. 

2 Local curvatures of self-similar sets 
2.1 Local neighborhood nets 

Throughout the paper we will assume the neighborhood regularity of the self-similar set F: 

reach F{e) > and dF(e) is a Lipschitz manifold for Lebesgue almost all e > . (15) 
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Recall from the previous section that for space dimensions d < 3 this is always fulfilled. It is not 
difficult to see that it remains true for arbitrary d if the parallel sets F(s) are polyconvex. 
Under the regularity condition for such an e the curvature measures Ck{F(s),-) are defined. In 
order to determine some local limits as e -4 we consider the following notion. 

Let constants a > 1 and e > be given and denote b := max (2a,s Q ~ 1 \J\) . A locally homogeneous 
neighborhood net in F is a family of sets 

{A F (x,e) : x e F, < e < e } 

satisfying the following two conditions: 

A F (x,s) c dF(e)n B(x,ae), (16) 

A F (x, e) = Sj (ApiS^x, r^s)) if 1 < j < N, x £ F 3 and s < b~ 1 d{x, (S 3 J) C ) . (17) 

(Note that the last inequality implies rj 1 e < e a .) 

2.1.1 Examples. 

A F (x,s) := dF{e) n B(x,ae), e > 0, (18) 
A F (x,e) := {z £ dF(s) : {y £ F : \y - z\ = e} C B(x,e)}, e > 0, (19) 

(the set of those points from dF(e) which have their foot points on F 

within the ball B(x,e)), 
A F (x, e) := {z e dF(e) : \x - z\ < p F {z, e)}, < e < e := % D {F) 1 / D , (20) 

where p F (z,e) is for < e < £o determined by the condition 

p F (z, e) = min{p : H D (Ff] B(z, p)) = e D }. 

The required properties of the set families (18) and (19) can easily be verified. We shall show that 
the same is true for (20). The importance of Example (20) will be clear in Section 3. 

2.1.2 Lemma. For any z G R d , the function e p F (z,e) is well defined and increasing on 
(0,'H D (F) 1 / D ). The sets (20) defi ne a locally homogeneous neighborhood net in F with parameters 
So = % D (F) 1 / D and a = 2c p 1 ^ D , where c F < 1 is a constant from (4). 

Proof. The function p^H D (Fr} B(z, p)) is increasing and takes values between and T-L D (F). 
Since it is, moreover, continuous by the Lemma 2.1.3, we can determine p F (z,e) from the appro- 
priate level set. Thus, A F (z,e) is well defined for any iff and < e < £o- 

We further infer that for x € F and e < e , 

p F {x 1 e)<ae and A F (x, e) C dF{e) fl B(x, as). (21) 

To see this, note that for any z £ dF(e) and y £ F such that \y — z\ = ewe have B(y, e) C B(z, 2s) 
and thus the left inequality in (4) applied to B(y, e) implies V. D (F n B(z, 2s)) > c F e D and hence, 
p F (z, Cp D s) < 2s, which implies (21). 

Finally, we shall verify that for a = 2c F 1 ^ D the sets A F (x, s) satisfy condition (17). Let j £ N 
and x £ Fj be given. Note that if s < b~ 1 d{x,{SjJ) c ) then B(x,2ae) C mt SjJ. Then, for 
any z £ B{SJ 1 x,rJ 1 ae), we have p F (z,rJ 1 e) = rj 1 p F (SjZ,s), and z £ dF(rJ 1 s) if and only if 
SjZ £ dF(s). Thus, 

AAS^x^e) - {z £ dF{rfe) : IS^x - z\ < p F (z,rfe)} 
= {z: S j z£dF(s),\x-S j z\<p F (S j z,s)}, 

which implies that Sj{A F {Sj 1 x 1 rJ 1 e)) — A F (x,s), as required. □ 
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2.1.3 Lemma. For any sphere V in R d of dimension k < d — 1 we have n(V) = 0. 

Proof. We shall proceed by induction on k. For k = the assertion is true since \i is nonatomic. 
Take <k$< d — 1 and assume that the assertion is true for k = 0, . . . , ko — 1. Assume, for the 
contrary, that fi(V) > for some fco-sphere V. 

Consider now the images SiV, i — 1,...,N. These are fco-spheres of lower radii and no two of 
them coincide (this would contradict the SOSC since we assume fi(V) > 0). Consequently, for any 
i 7^ j, the intersection Si(V) n Sj(V) is either empty or a sphere of dimension less than fc and 
has thus /x-measure zero. It follows from this and from the self-similarity of fi (3) 

MSiOOu-.-uSivaO) - v(s 1 (v)) + --- + v(s N (v)) 

= r?/i(V0 + ---+r£/i(t0 

= KV). 

Since all Sj(V) are spheres of radii less than that of V, the intersections Sj(V) n V must be 
either empty or spheres of dimensions lower than k and, consequently, have ^-measure zero by 
the induction assumption. We conclude that 

fi(F) > n(V U Si(V) U • • • U S N (V)) = n(V) + niS^V) U • • • U S N (V)) = 2fi(V). 

We can continue in the same way: for a natural number n, we consider all finite words w of length 
|w| < n and note that, due to (SOSC), for any two finite words w,w', S W (V) and S W >(V) cannot 
coincide, unless w = w'. (Indeed, take w ^ w' and let i be the least index with Wi ^ w[. As the 
sphere S w u_i(V) has positive /z-measure, in view of (6) it must intersect the interior of J and, 
hence, its images S W (V) and S W >(V) intersect the disjoint domains mt S w \i(J) and int S w /\i( J), 
respectively, and cannot coincide.) Consequently, fJ,(S w (V) n S W >(V)) — if w ^ w' by the 
induction assumption, as in the first part of the proof. Using now the additivity of it, we get 

n 

m > M ( u = E m^oo) = E r °v( v ) = (E E r -M y ) = 

|u>|<n |u>|<n |ti?|<n i—0 |io|=z 

which contradicts l-i(F) = 1 if n is large enough. □ 



2.2 Existence of local curvatures - formulation of the main result 

We now can formulate the first main result. 

2.2.1 Theorem. Let k e {0,1,..., d} and suppose that the self-similar set F in M. d with con- 
traction ratios n, . . . ,rjv <™d Hausdorff dimension D satisfies the strong open set condition w.r.t. 
int J. If k < d — 2 we additionally suppose the neighborhood regularity (15). Let {A(x,e) : x G 
F, £ < £o}, be a locally homogeneous neighborhood net with constants a > 1 and Eq > 0, and let 
b = max 

(2a,£o 1 |J|))- Then for H D -a. a. x e F the following average limit exists 

b~ 1 d(x,J c ) 

Dc^ ]F (x) := lim^i J e- k C k (F(e), A F (x, e)) e~ l de (22) 

and equals the constant 

N b- 1 d( v ,J c ) 
^(^"'(E^llnr,!)"'! | £ - fe C fc (F( £ ),^(y, £ )) e^deH^dy) (23) 

provided the last integral converges absolutely ifk < d—2, and for k e {d— 1, d} iViis is always true. 
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2.2.2 Remark. In Section 4 it will be shown that for the choice of Ap as in Example (20) 
the constant limit values _D c .&ac| i? (x), defined by (22) for H D -a,.a. x e F, may be interpreted as 
densities of associated fractal curvature measures. 

2.2.3 Remark. Using ((5), one can see that a sufficient (sharper) condition for the absolute 
convergence of the integral is 

esssup e~ k \ C k (F(s),A F (y,e))\ < oo . (24) 

e<e ,y<=F 

For polyconvex neighborhoods F(s) the last property follows, even for the variation measures 
C™ r (F(e), •), like in the proof of Lemma 5.3.2 in Winter [15]. (The curvature measures are local, 
by the open set condition only a bounded number of parallel sets of the smaller copies of F of 
diameters equivalent to e can intersect the set A F (x, e), these sets are unions of bounded numbers 
of convex sets of diameters equivalent to e, and the total variation of the fc-th curvature measure of 
such a union set is bounded by const e k .) For a more general sufficient condition see Remark 3.1.3 
below and Section 4. 

2.3 An associated dynamical system - proof of the theorem 

As an essential auxiliary tool for the proof we use the ergodic shift dynamical system [W, is, 9} on 
the code space W for the shift operator 9 : W — > W with 0{w\W2 ■ ■ ■ ) := (W2W3 • • •)• According 
to (2) it induces the ergodic dynamical system [F,/j,,T], where the transformation T : F — > F is 
defined for /u-a.a. x by 

T(x) := (Sjy^x) if x e Sj(F) , j = 1, . . . N , 

taking into regard that fi(Si(F) n Sj(F)) — 0, i 7^ j. (More general references on this subject 
may be found, e.g., in Falconer [2], Mauldin and Urbanski [9].) In the above identification of a. a. 
points with their coding sequences we have for such x, 

T(x) = 9( Xl x 2 ...). 

Next note that e < b~ 1 d(x 1 (S^J) ) implies e < r~^e < £0, since d(x, (S x \iJ) c ) = r x |, d{T l x, J c ). 
From this and Ap(x, e) C B(x,ae) we obtain for Lebesgue-a.a. e, /x-a.a. x, and i e N satisfying 
the first condition the equalities 

C k (F(e),A F (x,e)) = C k (F x]i {e), A F {x,e)) = C k (F xli (e), S^Ap^x, (r^e))) 
= r%C k {F{r~^lA F {Tx,{r-^)) . 

Here we have used the locality (13) of the curvature measure C k , the representation (17) of the 
sets A F (x, e), and the scaling property (12) of C k under similarities. 
Now we will verify the limit 

b- 1 d(x,J c ) 

sZ\^J\ J ^ k Ck{F(s),A F (x,s))e- 1 ds 
s 

= ^ "^'7 , J E / e- k C k (F(e),A F (x,e))s- 1 de 

b~ l d{x, (S X | (1+1) J) C ) 

6- 1 d(x,(Sx|n( a! ,«)J) C ) 

+ J s- k C k (F{e),A F {x,e))s- 1 ds 

8 
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where 

n(x, 5) := max{ii e N : fc" 1 ^, (5 X |„ J) c ) > (5} . 
By the above relationship the integrand in the ith integral may be replaced by 

r%e- k C k {F(r^e\A(T^r^e))e-\ 
For the integral bounds we use 

d(x, (S x]i Jf) = r x]l d(T l x,r), 
d(x,(S xl(t+1) jy) = r x \ t d{T l x,{S {T , x)l J) c ). 

Substituting then under the integral e by e we obtain the expression 

b- 1 d(T l x,J") 

J e- k C k (F(e),A F (T i x,s))e- 1 ds. 

b-id(T*x,(S (Tix)i J)c) 

Therefore it suffices to show that for ^i-a.a. x € F the following integrals and limit relationships 
exist: 

b- 1 d(T l x,.J c ) 

lim ly f s- k C k (F(e),A F (T l x,e)) e~ x de (25) 

n^oo n z — ' J 

l=1 fc-id(T^,(S (Ttx)i J)-) 

b-^diy, J°) 

= J J e- k C k (F(e),A F (y,e))e- 1 de^(dy), (26) 

F b-id(y,(S yi jy) 

b- 1 d(T n x,J c ) 



lim - I e- k \C k (F{e),A F (T n x,e))\e- 1 de = 0, (27) 

n^oo n J 

b- 1 d{T"x,{S {T n x)l J) c ) 

(note that under the above conditions b~ 1 d(T n x, (S( T n x - )l J) c ) < S), and 



Hm^4 = f>f |lnr,|. (28) 
s^o n(x,5) 3 

Under the integrability assumption of our theorem (25) follows from Birkhoff 's ergodic theorem 
applied to the ergodic dynamical system [F, fi, T]. (For k G {d — see Remark 3.2.2.) Here 

the curvature measures may also be replaced by their absolute values. Taking into regard that 
a n = Y^i=i a i ~ Y^i=i a i f° r an y rea ^ sequence, (27) is a consequence. 

In order to use these arguments for (28), too, note that for S(x, n) := b~ 1 d(x, (S x \ n J) c ) we get 

lim -ML = lim li^iM 
provided the last limit exists. Since 

n 

6(x, n) = r x{n b^d^x, J c ) = J] r Xi b^d^x, J c ) 

i=l 

and Xi = {T l x)\ , i £ N, Birkhoff 's ergodic theorem implies for jU-a.a. x e F 

^ n 1 n f N 

}™o-\ ln Il r xi\ =„ 1 ™ ^Sl lnr (^)il = / \ ln r yi \n(dy) = ^|lnr j |rf 
j=i i=i F j=i 
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as well as 

lim - \\nd(T n x, J c )\ = 

since J \\nd(y, J c )\ fi(dy) < oo (cf. (5)). This shows (28) and thus, the proof of the theorem is 
completed. 

3 Global versus local curvatures 

3.1 Existence of global curvatures of self-similar sets 

Our final aim is to show under slightly stronger conditions that the local fractal curvatures 
D C frac| F (x) from (22) may be interpreted as certain densities of associated fractal curvature mea- 
sures. To this aim we first deduce from Theorem 2.2.1 the existence of global fractal curvatures 
and establish a relationship to the local versions. (At the same time this provides a simpler proof 
and a certain extension of the related deterministic result from [19] for the global curvatures avoid- 
ing the renewal theorem. However, the use of the latter provides more information concerning 
convergence without averaging over the distances e.) 

3.1.1 Theorem. Let k G {0, 1, . . . , d} and suppose that the self-similar set F in M d with contrac- 
tion ratios n, . . . , rjv and Hausdorff dimension D satisfies (SOSC) w.r.t. int J. For k < d — 2 we 
additionally assume the neighborhood regularity (15). Let {A(x,e) : x G F, e < £o = H D (F ) X / D }, 
be the locally homogeneous neigborhood net of F given in (20) with constant a = 2c F 1 ^ D , where 
cf < 1 fulfills (4), and let b = max (2a, £q 1 | J|) . If for k < d — 2, 

I SU P I e- k Cr{F(e),A F (x,e)) e~ x deU D {dx) < oo , (29) 

J &<e I In d| J 

F S 

which is always true for k G {d — l,d}, then the following limit exists 

£0 

C l r(F) := lim ^ / e D - k C k (F{e)) e^de 

5 

and equals 

N b-i-div.r) 
(f>f llnr,!)" 1 J J e- k C k (F(e),A F (y,e)) £ - 1 de'H D (dy) , 

3 = 1 F b -i d (y,(S vl jy) 

C i r(F) = D c ^ lF H D (F). 

3.1.2 Remark. For k = d this was proved by Gatzouras [5] and for k = d — 1 by Rataj and 
Winter [11, Theorem 4.4]. Moreover, it was shown that 

c t r 1 (F) = (d-D)c i r c (F), 

see [11, Theorem 4.7]. 

3.1.3 Remark. A sufficient condition for the desired integrability properties is (24) for the vari- 
ation measures, i.e., 

esssup e- k Cr i (F(e),A F (y,e)) < oo (30) 

£<e ,y&F 
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which is fulfilled for the special case of polyconvex neighborhoods. More generally, Lemma 3.3 
in Winter and Zahle [17] shows that the conditions of Theorem 2.3 in that paper imply the last 
uniform estimate. Therefore, Theorem 3.1.1 extends the first part of that theorem which was 
proved in [19, Corollary 2.3.9] (cf. the examples in Section 4). 

Proof. The problem can easily be reduced to Theorem 2.2.1 taking into regard the relationship 

C k (F(e),A F (x,s))H D (dx)=e D C k (F(e)) (31) 



F 

for a. a. e < eq, which follows from our choice of the sets A(x,e) according to (20): 



J C k (F(e),A F (x,e))H D (dx)= J J 1 (\x - z\ < p F {z, e)) C k (F(e), dz) H D (dx) 

F F F(e) 

J H D (F n B(z, p F (z, e)) C k (F(e), dz) = J e D C k (F(e), dz) = e D C k (F (e)) . 



F(e) F(e) 

Then we get 



£0 £0 

^ j e D - k C k (F(e)) z~ x de = J ^ j e- k C k (F (e), A F (x, e)) s - 1 deH D (dx). 



I In 

<5 



The conditions for applying Fubini are guaranteed by the integrability assumption of the theorem. 
Moreover, the functions under the last outer integral are uniformly bounded by an integrable 
function. Therefore we can take the limit as S — > under this integral, and Theorem 2.2.1 implies 
the assertion. (For the integrability conditions in the case k € {d — l,d}, see Remark 3.2.2.) □ 



3.2 Fractal curvature measures and their densities 

Because of the self-similarity of F the global curvatures are reflected on its smaller copies. This 
leads to a method of proving weak convergence of the curvature measures of the parallel sets to 
fractal limit measures, which was first applied in Winter [15] for the case of polyconvex neighbor- 
hoods and was extended in Winter and Zahle [17] to a more general setting. The limit measures 
C k ac (F, ■) were shown to be constant multiples of the normalized Hausdorff measure p on F, where 
the constants are equal to the corresponding total fractal curvatures C k c (F). 
The following extension provides a local limit interpretation in view of Theorem 2.2.1: The con- 
stant local limits D c ti^^ F from (22), which are equal to H D (F)~ 1 C k ac (F) by Theorem 3.1.1, are 

the densities of associated fractal curvature measures C k Tac (F, •) with respect to Hausdorff measure 
H D on F. Here we need a slightly stronger assumption which is, however, much weaker than the 
uniform boundedness (30) assumed in the former papers. 

3.2.1 Theorem. Let fee {0,1 ... ,d} and suppose that the self-similar set F in R d with contrac- 
tion ratios r\, . . . , rjv and Hausdorff dimension D satisfies (SOSC) w.r.t. int J. For k < d — 2 we 
additionally assume the neighborhood regularity (15). Let {A(x,e) : x € F, e < £o = H D (F) 1 / } , 
be the locally homogeneous neigborhood net of F given in (20) and let a,b > be as in Theo- 
rem 3.1.1. If for k<d-2, 

£0 

SU P f sup Cr T (F(s), B(x, ae)) e~ l de < oo , (32) 

<5<£ I m o I J xeF 
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which is always true for k € {d — 1, d}, then we get 

eo 

C l r{F,-) : = lim^| e D - k C k (F(e),-) e^de = D C ^ F H D (F n (•)) 

in i/ie sense of weak convergence of signed measures, where the density D C f ra c| F can be calculated 
by (23). 

3.2.2 Remark. Recall that under our assumptions A(x,e) C B(x,ae) for any x G F and e < Sq 
(cf. (21)). Therefore the integrability condition (32) implies (29). Moreover, (29) ensures the the 
existence of the integrals assumed in Theorem 2.2.1. In case k G {d — l,d}, even the stronger 
condition (30) for general locally homogeneous neighborhood nets A(F(x,e) is always satisfied. 
For k = d it is obvious, and for k = d — 1 it can be seen as follows: 

C d - 1 (F(e),A F (x,e)) = ^H d - 1 {dF{e)r\A F {x,e))<^U d - 1 {dF{e)r\B{y,ae)) 

1 ( 14 ) d 

< -H d -\d[(FnB(y,2ae))(s)}) < -H d ((F n B(y,2ae))(e)) 

< ^H d (B(y, (2a + l)e)) = ^ d {2a + l) d e d -\ 
where ujd denotes the volume of a unit ball in M. d . 

Proof. Under a stronger boundedness condition this theorem has been shown in [17]. An essential 
tool is the corresponding global result (in our case Theorem 3.1.1) in combination with Prohorov's 
theorem on weak compactness of tight families of measures and the invariance properties of F 
and the measures under consideration. An analysis of the technically involved proof shows that it 
remains valid in the essential steps under the following changes: Use in the definition [17, (2,2)] 
for the set E(e) of finite words w (with length \w\) the modified condition 

r w \J\ < e < r w || w |_i|J| . 

Then the statement 

Cr r (F(e),C) < const N(C, e)e k 
of [17, Lemma 3.3] is replaced by the averaged version 

eo 

SU P TT~T\ I (N(C,e)y 1 e- k Cr(F(e),C) e~ x de < oo, (33) 

S 

provided C is a closed subset of R d and the number of elements w of the set fl(C, e) C S(e) such 
that the set F w (e) intersects C is bounded by N(C, e) > 0. All implied estimates used in the proof 
have now to be understood in this average sense. The rest is the same as in [17]. 
In order to see (33), denote 

eo 

K := sup — — , / e- k supCr i (F(e),B(x 7 ae)) e^de , 

S 

which is finite by assumption, and estimate as follows 

C k (F(e),C) = cJf( £ ),Cn |J F w (e) I <C k If(e), \J F w (e) 
\ tues(e) / \ wen(c,s) 

< C k (F(e),F w (e)) < N(C,e) sup (F(s), B(x,ae)) , 

wen(c,s) xeF 

since for any w € E(e) the set F w (e) is contained in a ball with midpoint in F and radius ae. This 
shows that the constant K is an upper bound in (33). □ 
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4 Examples 



In this section we provide two examples of self-similar sets fulfilling the integrability assumption 
(32), but violating (24) (and, hence, also (30)). Therefore the methods of Winter and Zahle [17] 
are not applicable in these cases, whereas those of the current paper are. 

We shall use the fact that the positive part of the curvature measure of order of a parallel set to 
any compact subset of the plane is bounded by a constant depending on the parallel radius and 
diameter of the set only. Hence, it is enough to control the global curvature. 
4.1 Lemma. Let FcM 2 be compact and let e > be a regular value of F . Then 



C+(F(e),R 2 )<^(^l+ £ ^ 



2 



Proof. Let e be a regular value of F in the sense of (15). Since F(e) has positive reach, its 
generalized principal curvature k(x,n) is defined "H d_1 -almost everywhere on the unit normal 

bundle norF(e) of F(e), see [18]. Since F(e) is an e-parallel set, it is not difficult to see that 
the generalized curvatures are bounded from below by — e _1 (the curvature of the closure of the 
complement of an e-disc) whenever they exist. Thus, using the integral representation from [18], 
we get the bound 

Co(F(e))<l ! *\ U\d(x,n)) = j-n 1 (dF(e)) 

7T J yj\ + k(x,n) 2 

norF(e) 

(we have used the co-area formula for the projection (x, n) i-> x from norF(e) to dF(e) in the last 
step). Recalling (9), we infer 

C+(F(e)) = Co(F&) < ±-U\dF{e)). 

We further use (14) and the isodiametric inequality, and the proof is finished. □ 

4.2 Example. The Cantor dust with similarity factor p < \ is the self-similar set FcR 2 given 
by four similarities 

Si(x,y) = (px,py), 
S 2 (x,y) = (px + 1 - p,py), 
S3(x,y) = (px,py + 1 - p), 
Sa(x, y) = (px + 1 - p, py + 1 - p). 

We shall show that (32) holds for F, whereas (24) does not. 

Proof. Set t := i — p. If e > v^r then F(e) is contractible and we have x(F( £ )) = 1- If 
\/l + P 2 t < £ < V%t then F(e) is connected with one hole in the middle and we have x(i^(e)) = 0. 
More generally, for k = 0, 1, 2, . . ., if \J\ + p 2k + 2 r < e < \J\ + p 2k r then F(e) is still connected, 
but contains 

1 + 4 + 4- 2 + -- -+ 4- 2 k - x = 1 + 4(2 fc - 1) 

holes, hence 

X (F( e )) = -2 fe+2 +4. 
For any k > and a > 1, since e > r, we have by Lemma 4.1 

Cr{F{e) 1 B{x,ae)) < C var (F(e), M 2 ) 

< \x(F(s))\+C+(F(s),R 2 ) 

< 2 k+2 + K/t 2 
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with some constant K independent of x, k and e. Similarly, we get for y/2r < £ < £o 

CZ ai (F(s),B(x,ae)) <1 + K/t 2 . 

From the above considerations, it turns out that the critical values of the distance function are 

i = o,i,...,fc = o,i,..., 

and they are countably many, hence, (15) is fulfilled. It is also clear, however, that Co(F(e)) is 
unbounded at any neighborhhood of the values e — p l r. This implies, in particular, that (24) is 
not satisfied (see also the discussion in [16]). Indeed, if esssup E<£o eF \Co(F(e),Ap(y, e))| < Q 
for some constant Q then we would get as in the proof of Theorem 3.2.1 £ D \Cq{F{e))\ < V. D (F)Q, 
which would contradict the behavior of the Euler-Poincare characteristic of F(e) near the citical 
points, described above. 

Assume now that p l r < e < p l ~ 1 r for some I > 1. Then F(e) consists of A 1 disjoint components 
(S u F)(e), where lo are words of length I. For any such word uj, (S u F)(s) is a contraction of 
F{p~ l e). Given x € F, let Y^i(x,ae) denote the set of all words w £ S; such that S W F hits 
B(x,ae). As £ < p l_1 r, it is easy to see that T,i(x,as) has at most (a + l) 2 elements, by the 
construction of F. Thus, if 



y/l + p 2k+2 p l T <e< ^l + p 2k p l T 
for some k > then, by the previous case, we have 

Cr(F(e),B(x,2e)) < ( (\J ^ . . S w f) (e),B(x,as)) 

< (a + l) 2 Cr((S w F)(e),R 2 ) 

< (a + l) 2 (2 fe + 2 +K/t 2 ). 

If V2p L T < £ < p l ~ 1 r then, similarly, 

C™(F(e),A F (y,e)) < {a + \) 2 {l + K 2 ). 

Having still I > 1 fixed, we can estimate the integral 



p T 



f) T 



K\\np\ 

-1- 

+ 



f K de ^ f nh , n de f de 

s J ~>- + £ I 2 t + J ~ 

\ p l Ty/l+p 2k + 2 P ! tV2 J 

+ ^2 2 k+2 (in f} T y/l + p 2k - In p l T y/l + p 2fe + 2 ) 
(in p^r- In V2p l Tj 
= + £ 2fe+ 4 (ln(l + P 2k ) ln(l + p 2k+2 )) In V2p 

< ^fi + 2f^2 k (p 2k -p 2k + 2 )-HV2p) 



„2 



K\\np\ n 1- p 2 , . r- , 
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Thus, the integral in the first line is bounded by a constant (say L) independent of I. Similarly 
one can show that the integral 



Lo := J CZr(F(e),B(x,ae))^ 



is bounded. 

To finish the proof, note that if 



de 

e 



|Inp| 

then p l ~ 1 r < 5. Consequently, we can estimate the integral (uniformly in x e F) 

so 

de 

Cr(F(e),B(x,ae))- 

s 

< E / C v al (F(e),B(x,ae))-+ f C™(F(e), B(x, ae)) 

< l(5)-L + L . 

The last expression is of order 0(\ In as 1(5) is, and, thus, (32) holds. □ 

The second example will be the Menger sponge. In R 3 , we cannot use a bound analogous to 
Lemma 4.1 (the local principal curvatures will be bounded again, but the curvature measures are 
given as integrals of products of more than one curvature and we loose the control over the sign). 
Instead, we shall use the following lemma given bounds for variations of curvature measures under 
reach and diameter restrictions. We formulate it in general dimension d, though we need it here 
for d = 3 only. 

4.3 Lemma. Let s > be fixed. Then, there exists a constant n such that 

C^(K,A) < n(s + e) d e k - d 

whenever k <E {0, 1, ... ,d — 1}, e > 0, K is a compact subset ofM. d with reachif > e and the set 
A fulfills \A\<2s. 

Proof. We use the local Steiner formula (see, e.g., [18]): 

d 

Y / ^r t C d - l (K,A)^n d ((K(e)\K)nU K 1 (A)) 7 < r < e, 

i=l 

where II k is the metric projection onto K and u>j is the volume of the unit ball in W . Since the 
set on the right hand side has diameter less than 2(s + e), its volume is between and U!d(s + e) d 
by the isodiametric inequality. Denote a,i :— Uie t Cd-i(K, A), i = 1, . . . , d. Then we have 

< axt + a 2 t 2 H h a d t d < uj d (s + e) d , < t < 1. (34) 

This is an infinite system of linear inequalities and it sufficies for us to consider only d of them, 
say t — l,|,...,i. (34) then takes the form 

Mae [0,L] d , 
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where a — (a\, . . . , ad), 

( 1 1 ••• 1 \ 

2- 1 2- 2 ■■■ 2 

M = 



\ d- 1 d- 2 ■■■ d- d J 

and L = ojd(s + e) d . Since M is regular, we can transform the condition to 

aeM- 1 [0, J L] d = J L-M- 1 [0,l] d , 

which already implies the linear in L bounds for \di\ and, hence, also for e l \Cd-i(K, A)\, i = 
l,...,d. The assertion follows easily. □ 

4.4 Example. The Menger sponge is the self-similar set F in R 3 with the similarities 

at \ ( x + i y + 3 z + k \ ■ ■ , n , o 
b ijk (x,y,z) := , i,j,fc = 0,l,2, 



where at most one of the triple of indices i,j, k may be 1. (Thus, the number of similarities is 
20.) The Hausdorff dimension is D = In 20/ In 3. The fractal F is connected and it fulfills the 
(SOSC) with J = [0, l] 3 . A natural construction of F starts with the unit cube [0, l] 3 and removes 
subsequenly 7, 20 • 7, 20 2 • 7, . . . cubes of edge length 1/3, 1/3 2 , 1/3 3 . . .. We shall call the 20'" 1 • 7 
removed cubes of edge length 1/3' the removed cubes of Ith generation. 

We claim again that the Co(F(e)) is not locally bounded, but (32) holds for k = 0, 1 or 2. 

Proof. Let I <G N be given and assume that 3~'/2 < e < 3~' +1 /2. Then, F(e) is connected 
with topological^/ cylindrical holes through the removed cubes of generations 1, . . . , I — 1, and, 
eventually, further topologically spherical holes in the removed cubes of generation I. Let F (e) 
be the set F(e) with all topologically spherical holes filled up. An important observation is 

that reach Fq(e) > e. (Indeed, observe that the closest to Fo(e) points that do not have unique 

footpoints in Fq(s) lie on the edges of removed cubes which have distance e from Fq(e).) 

If (3~7 2 )V2 < e < 3-'+!/2 then F(e) = F (e) (there is no topologically spherical hole). Further, 
let j G {0, 1, . . .} and assume that 



2-3* 2 • 3 Z 

then, in each of the Ith generation removed cube, there are 

1 + 2 + 2 2 + • • • + 2 3 - 1 = V - 1 

topologically spherical holes in F £ . Each of the topologically spherical holes (with boundary) has 
reach > e and diameter less than e. 

Fix some a > 1, take an x e F and let Hi, i = 1, . . . ,p, be the (closed) topologically spherical 

holes in F{e) hit by B{x,ae). Since e < 3~ z+1 /2, B{x,ae) hits at most (2a + l) 3 removed cubes 
of Zth generation, hence, p < (2a + l) 3 ^ — 1). Thus, for given e, we get, using Lemma 4.3, 

Cr(F(e),B(x,ae)) - Cr{F{7),B{x,ae)) 



< 



Cr(F (e), B(x, as)) + ]T Q ar (^) 

i=l 

< rje k - 3 (ae + e) 3 + (2a + 1) 3 (2 J - l)r 1 e k - 3 (2e) 3 

< (A + B-2^)T]e k 
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with some constants A, B. Consequently, we can estimate the integral 

3~ l+1 /2 _ 3- , + 1 /2 



3-72 j= °^- T Vl+3- i i- i (3-72)Vl+3- 2 



23' 
OO 



- r/^(A + B ■ 7?)\ (ln(l + 3~ 2j ) - ln(l + 3" 2j '- 2 )) 

+^r/ (in 3 - In yjl + 3" 2 ) 
< ij J(A + B-2 J )i(3- 2j ' -3 _2j '- 2 ) + 21n3- - In 10 



and it is not difficult to see that the last expression is bounded; let L denote its value. The integral 

£0 



L := J e- k Cr(F(e),B(x,2e)) 
1/6 



ds 

e 



is, of course, bounded as well. The rest of the proof continues similarly as that of Example 4.2. 
We set 

In3-ln2-ln<5 „ 

l{5) ■= ffi3 + 1 

and note that 3~' +1 /2 < S whenever I > 1(6). Thus, 

/dp 
e- k Cr(F(e),B(x,as))- 

8 

3- 1+1 /2 eo 

< E / e- k Cr(F(e),B(x 7 ae))^ + J e- k Cr(F(e) 7 B(x,ae))^- 

1<1<1(S) 3 _, /2 

< l(S)-L + L , 

which is of order 0(\ \nS\) as S — > 0, and, thus, (32) holds. 

As in the first example, the set of critical values of the distance function is countable in this case 
(these are the end points of the integration domains used). It is not difficult to see that Co(F(e)) 
is unbounded at any neighborhhood of the values e = 3~ l /2 since new topologically spherical holes 
appear at each value 3~'/2 Vl + 3~ 2k , k e N, increasing the Euler characteristic. It follows as in 
Example 4.2 that (24) does not hold. □ 
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